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Abstract
In this paper, we prove that the inner and outer linearly locally connected sets of Rn are invariant respec-
tively under quasiconformal mappings which fixed the point at infinity. On the other hand, we prove the
converses of above results to be true also.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
In this paper, we shall adopt the notation and terminology as in paper [1], Rn denotes the
n-dimensional Euclidean space, Rn = Rn ∪ {∞}. For x ∈ Rn and 0 < r < ∞, let Bn(x, r) =
{z ∈ Rn: |z − x| < r}, Sn−1(x, r) = ∂Bn(x, r), Bn(r) = Bn(0, r), Bn = Bn(1), and Bn(x, r)
be the closure of Bn(x, r). Suppose that f is a homeomorphism in Rn, let L(x,f, r) =
max|y−x|=r |f (y) − f (x)|, and l(x, f, r) = min|y−x|=r |f (y) − f (x)|.
Let D ⊂ Rn and c  1 be a constant, (1) if for any x0 ∈ Rn and 0 < r < +∞, points in
D∩Bn(x0, r) can be joined by curves in D∩Bn(x0, cr), then we say that D is a c-inner linearly
locally connected set, denoted by D ∈ c-ILC; (2) if for any x0 ∈ Rn and 0 < r < +∞, points in
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locally connected set, denoted by D ∈ c-OLC.
Example 1 shows that there exists a set D which is not c-ILC and c-OLC at the same time for
any c 1.
Example 1. Let
D1 =
{
(x1, x2) | x21 + (x2 − 1)2 < 1, x1 < 0, x2 < 1
}
,
D2 =
{
(x1, x2) | x21 + (x2 + 1)2 < 1, x1 < 0, x2 > −1
}
,
D3 =
{
(x1, x2) | x1  0, −1 < x2 < 1
}
and
D = (D1 ∪ D2 ∪ D3) \
{
(0,0)
}
.
Then the simple connected domain D ⊂ R2 is not c-ILC and c-OLC at the same time for any
c 1. In fact:
(I) For x > 0, denote A the point (−x,0), O the point (0,0), d(A, ∂D) and d(A,O) the
Euclidean distance from A to ∂D and O , respectively. Then
lim
x→0
d(A,O)
d(A, ∂D)
= lim
x→0
x√
1 + x2 − 1 = +∞.
Hence for any c  1, there exists a point A(−x,0) such that d(A,O) > 4cd(A, ∂D). This con-
cludes that there exist points in D ∩ B2(A,2d(A, ∂D)) which cannot be joined by curves in
D ∩ B2(A,2cd(A, ∂D)), thus D is not c-ILC.
(II) For any c 1, denote B the point (3c2,0), r = 2c2. It is obvious that there exist points in
D \ B2(B, r) which cannot be joined by curves in D \ B2(B, r/c), thus D is not c-OLC.
D is called a linearly locally connected set if D ∈ c-ILC and D ∈ c-OLC for some c 1.
The concept of linearly locally connected set was first introduced by Gehring and Väisälä [2]
in 1965 when they studied the boundary properties of quasiconformal mappings in 3-space. Later
the concept was extensively used to study the quasidisks and the univalence of analytic functions
(see [3–8]).
In 1986, Walker [9] proved that the linearly locally connected sets are invariant under qua-
siconformal mappings which fixed the point at infinity. In this paper, we shall prove that the
inner and outer linearly locally connected sets are invariant respectively under quasiconformal
mappings which fixed the point at infinity. We shall also show that the converses of above results
are true.
2. Main results and proofs
We shall first prove the following distortion lemma on quasiconformal mappings in Rn which
is the key of the proof of Theorem 1.
Lemma 1. If f :Rn → Rn is a K-quasiconformal mapping with f (∞) = ∞, and c  1 is a
constant, then for all x ∈ Rn and 0 < r < +∞, we have
(I) L(x,f, cL(x′, f−1, r))/r  a;
(II) l(x, f, l(x′, f−1, r)/c)/r  1/a,
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Proof. (I) Let Γ be the curve family which joins Sn−1(x, cL(x′, f−1, r)) and ∂(f −1(Bn(x′, r)))
in Bn(x, cL(x′, f−1, r)) \ f−1(Bn(x′, r)), M(Γ ) be the module of Γ . Using the comparison
principle of module and the result in [1, 7.5], we have
M(Γ ) ωn−1
(
log
cL(x′, f−1, r)
l(x′, f−1, r)
)1−n
, (1)
where ωn−1 is the (n − 1)-dimensional Lebesgue measure of Sn−1.
Let Γ ′ = f (Γ ), then the same reasoning as above gives
M(Γ ′) ωn−1
(
log
l(x, f, cL(x′, f−1, r))
r
)1−n
. (2)
By the properties of quasiconformal mapping in [1] and [1, p. 79], we have
KM(Γ ′)M(Γ )M(Γ ′)/K (3)
and
L(x′, f−1, r)
l(x′, f−1, r)
 c′ = c′(n,K), (4)
where c′(n,K) is a constant which depends only on n and K .
Combining (1)–(4), we get
l(x, f, cL(x′, f−1, r))
r
 (cc′)K
1
n−1
. (5)
According to [1, p. 79], we obtain
L(x,f, cL(x′, f−1, r))
l(x, f, cL(x′, f−1, r))
 c′. (6)
So that, from (5) and (6), it follows that
L(x,f, cL(x′, f−1, r))
r
 c′(cc′)K
1
n−1 = a.
(II) Let Γ be the curve family which joins Sn−1(x, l(x′, f−1, r)/c) and ∂(f −1(Bn(x′, r))) in
f−1(Bn(x′, r)) \ Bn(x, l(x′, f−1, r)/c), Γ ′ = f (Γ ). The comparison principle of module and
the result in [1, 7.5] yield
M(Γ ) ωn−1
(
log
cL(x′, f−1, r)
l(x′, f−1, r)
)1−n
, (7)
M(Γ ′) ωn−1
(
log
r
L(x,f, l(x′, f−1, r)/c)
)1−n
. (8)
Combining (3), (4), (7) and (8), we have
L(x,f, l(x′, f−1, r)/c)
r
 1
′ K 1n−1
(9)(cc )
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L(x,f, l(x′, f−1, r)/c)
l(x, f, l(x′, f−1, r)/c)
 c′. (10)
The above (9) and (10) yield
l(x, f, l(x′, f−1, r)/c)
r
 1
c′(cc′)K
1
n−1
= 1
a
. 
Next we shall prove Theorem 1 by Lemma 1.
Theorem 1. Let f :Rn → Rn be a K-quasiconformal mapping with f (∞) = ∞, D ⊂ Rn, D′ =
f (D), then we have the following two results:
(I) if D ∈ c-ILC, then D′ ∈ a-ILC;
(II) if D ∈ c-OLC, then D′ ∈ a-OLC,
where a = a(n,K, c) is a constant which depends only on n, K and c.
Proof. (I) For any x′ ∈ Rn, 0 < r < +∞, and every pair of points x′1, x′2 ∈ D′ ∩ Bn(x′, r), if
let x1 = f−1(x′1), x2 = f−1(x′2), then x1, x2 ∈ D ∩ Bn(x,L(x′, f−1, r)), where x = f−1(x′).
There exists a curve γ ⊂ D ∩ Bn(x, cL(x′, f−1, r)) which joins x1 and x2 since D ∈ c-ILC,
hence f (γ ) ⊂ D′ ∩Bn(x′,L(x,f, cL(x′, f−1, r))) and f (γ ) joins points x′1 and x′2. So we have
f (γ ) ⊂ D′ ∩ Bn(x′, ar) by using Lemma 1(I), hence D′ ∈ a-ILC, where a = a(n,K, c) as in
Lemma 1.
(II) For any x′ ∈ Rn, 0 < r < +∞, and two points x′1, x′2 ∈ D′ \Bn(x′, r), if let x1 = f−1(x′1),
x2 = f−1(x′2), then x1, x2 ∈ D \ Bn(x, l(x′, f−1, r)), where x = f−1(x′). There exists a curve
γ ⊂ D \ Bn(x, l(x′, f−1, r)/c) which joins x1 and x2 since D ∈ c-OLC, hence f (γ ) ⊂ D′ \
Bn(x′, l(x, f, l(x′, f−1, r)/c)) and f (γ ) joins points x′1 and x′2. By Lemma 1(II) f (γ ) ⊂ D′ \
Bn(x′, r/a) and hence D′ ∈ a-OLC, where a = a(n,K, c) as in Lemma 1. This completes the
proof. 
Example 2 shows that the condition f (∞) = ∞ in Theorem 1 is essential.
Example 2. Let D = {(x1, x2): x1 > 0, 0 < x2 < 1}, D∗ = R2 \ D be the exterior of D. Obvi-
ously, both D and D∗ are Jordan domains in R2, D ∈ 1-ILC and D∗ ∈ 1-OLC. Hence D ∈ a-ILC
and D∗ ∈ a-OLC for any a  1. It is easy to verify that ∂D = ∂D∗ does not satisfy Ahlfors’ three
points condition [10], hence neither D nor D∗ is quasidisk, consequently, D or D∗ is not lin-
early locally connected domain by [5] or [6, Theorem 2.22], D /∈ a-OLC and D∗ /∈ a-ILC for
any a  1.
For any a  1, since D /∈ a-OLC, we know that there exist x0 ∈ R2, 0 < r < +∞, and
two points x1, x2 ∈ D \ B2(x0, r) such that x1 and x2 cannot be joined by any curve in
D \ B2(x0, r/a). Let
g(x) = r2 x − x0|x − x0|2 + x0,
g(x) is a 1-quasiconformal mappings and g(∞) = x0 = ∞, g(x1), g(x2) ∈ g(D) ∩ B2(x0, r),
but g(x1), g(x2) cannot be joined by curve in g(D) ∩ B2(x0, ar), hence g(D) /∈ a-ILC.
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f such that f (D∗) /∈ a-OLC for any a  1, f (∞) = ∞.
At last we shall show that the converse of Theorem 1 is true also.
Theorem 2. Let f :Rn → Rn be a homeomorphism with f (∞) = ∞, we have the following two
results:
(I) If for any c  1 and D ⊂ Rn, D ∈ c-ILC implies f (D) ∈ c′-ILC, then f must be a quasi-
conformal mapping, where c′ = c′(c, n) is a constant which depends only on c and n.
(II) If for any c  1 and D ⊂ Rn, D ∈ c-OLC implies f (D) ∈ c′-OLC, then f must be a quasi-
conformal mapping, where c′ = c′(c, n) is a constant which depends only on c and n.
Proof. For any P ∈ Rn and 0 < r < +∞, we choose P1,P2 ∈ ∂Bn(P, r) such that π4  PP1P2 < π2 . Let T be the two-dimensional plane which contains P , P1 and P2, D ⊂ T be
the two-dimensional angular region with vertex P1 and vertex angle  PP1P2, D∗ = T \ D. It is
not difficult to prove that D ∈ csc π8 -OLC and D∗ ∈ csc π8 -ILC.(I) If f (D) ∈ c′-OLC, c′  1, then |f (P ) − f (P1)|  (c′ + 2)|f (P ) − f (P2)|. Otherwise
|f (P ) − f (P1)| > (c′ + 2)|f (P ) − f (P2)|, if let k = |f (P ) − f (P1)| − |f (P ) − f (P2)| >
(c′ + 1)|f (P ) − f (P2)|, then there exist points x1, x2 ∈ f (D) \ Bn(f (P ), k) cannot be joined
by any curve in f (D) \ Bn(f (P ), k/c′), this contradicts f (D) ∈ c′-OLC.
For any x, y ∈ ∂Bn(P, r), choose z ∈ ∂Bn(P, r) such that π4   Pxz < π2 and π4  Pzy < π2 , according to the above discussion, we have
|f (P ) − f (x)|
|f (P ) − f (z)|  (c
′ + 2) (11)
and
|f (P ) − f (z)|
|f (P ) − f (y)|  (c
′ + 2), (12)
then
|f (P ) − f (x)|
|f (P ) − f (y)|  (c
′ + 2)2, (13)
this gives
H(P,f ) = lim sup
r→0
L(P,f, r)
l(P,f, r)
 (c′ + 2)2, P ∈ Rn. (14)
Hence f is a (c′ + 2)2(n−1)-quasiconformal mapping by (14) and [1, 34.1].
(II) If we consider D∗, then the same reasonings as above give f is a (c′ + 2)2(n−1)-
quasiconformal mapping. This completes the proof. 
We can obtain the following two corollaries directly from Theorems 1 and 2.
Corollary 1. Suppose that f :Rn → Rn is a quasiconformal mapping with f (∞) = ∞. If
D ⊂ Rn is a linearly locally connected set, then f (D) is also a linearly locally connected set.
Y. Chu et al. / J. Math. Anal. Appl. 326 (2007) 1328–1333 1333Corollary 2. If f :Rn → Rn is a homeomorphism with f (∞) = ∞, then the inner linearly
locally connected set is invariant under f if and only if the outer linearly locally connected set
is invariant under f .
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